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We analyze a possibility of copying (≡ cloning) of arbitrary states of quantum-mechanical spin-
1/2 system. We show that there exists a “universal quantum-copying machine” (i.e. transformation)
which approximately copies quantum-mechanical states such that the quality of its output does not
depend on the input. We also examine a machine which combines a unitary transformation and a
selective measurement to produce good copies of states in the neighborhood of a particular state.
We discuss the problem of measurement of the output states.
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I. INTRODUCTION
Suppose we have a quantum state |s〉 of a particular
system which we would like to copy. For simplicity, as-
sume that the state space of our system is two dimen-
sional like that of a spin-1/2 particle, the polarizations
of a photon, or a two level atom. We shall denote the
basis elements by |0〉a and |1〉a, where the subscript a is
used to indicate that this is the original system (which
we shall often refer to as a mode with the polarization
example in mind) which is to be copied. The state |s〉a is
some linear combination of |0〉a and |1〉a. We now want
to feed |s〉a into a device, which we call a quantum copy-
ing machine, which at its output will give us |s〉a back
and, in addition, a copy, i. e. a system identical to the one
we put in which is also in the quantum state |s〉. Thus,
we put in one system and get out two, both of which are
in the same quantum state as the one which was fed into
the input.
Let us now make this quantitative. The ideal copying
process is described by the transformation
|s〉a|Q〉x −→ |s〉a|s〉b|Q˜〉x, (1.1)
where |s〉a is the in-state of the original mode, |Q〉x is
the in-state of the copying device. The in-state of the
copy mode (b) is not specified in the transformation (1.1).
In our discussion there is no need to specify this state,
though in real physical processes this state can be as-
sumed to be |0〉b (like a blank paper in a copying ma-
chine). The whole idea of quantum copying is to produce
at the output of the copying machine two identical states
|s〉a and |s〉b in the modes a and b, respectively. The final
state of the copying machine is described by the vector
|Q˜〉x.
First one has to ask a question: “Does quantum me-
chanics allow the transformation (1.1) for an arbitrary
input state |s〉a ?”. Wootters and Zurek [1] have an-
swered this question. The answer is simple: “No”. That
is, quantum-mechanical states cannot be cloned (there-
fore the no-cloning theorem). To be more specific, the
Wootters-Zurek no-cloning theorem tells us that quan-
tum states cannot be cloned ideally for an arbitrary orig-
inal in-state. This result has recently been extended to
mixed states by Barnum, Caves, Fuchs, Jozsa, and Schu-
macher [2]. They have shown that if a particle in an ar-
bitrary mixed state is sent into a device and two particles
emerge, it is impossible for the two reduced density ma-
trixes of the two-particle state to be identical to the input
density matrix. Nevertheless, it is still an open question
how well one can copy quantum states, i.e. when ideal
copies are not available how close the copy state (out-
state in the mode b) can be to the original state (i.e.
|s〉a). The other question to answer is what happens to
the original state |s〉a after the copying. In the present
paper we will illuminate these questions. In addition we
will discuss how to measure the out-states after the copy-
ing procedure.
Why is quantum copying of interest? With the advent
of quantum communication, e. g. quantum cryptography,
and quantum computing, understanding the limits of the
manipulations we can perform on quantum information
becomes important. The no-cloning theorem is one such
limit. It tells us that arbitrary quantum information can-
not be copied exactly. On the other hand, we may be in-
terested only in copying a restricted set of quantum bits,
or qubits, approximately. Such a copy would allow us
to gain some, but no all, information about the original.
We would like to find out what we can do under these
less restrictive conditions. We shall examine a number of
possibilities. We shall first study a quantum copying ma-
chine of the type proposed byWootters and Zurek in their
proof of the no-cloning theorem. This machine has the
property that the quality of the copy it makes depends
on the input state. We shall next consider a copying ma-
chine for which this is not true, i. e. the quality of the
copy is the same for all input states. We shall also look
at a machine which is designed to copy well only a re-
stricted set of input states. In particular, it copies states
which are in the neighborhood of a particular state well,
but copies states which are far from this state poorly.
It would be reasonable to use a machine of this type if
we are dealing with qubits which are near a given state.
Finally we examine briefly the entanglement of the copy
and the original. Because of this entanglement any mea-
surement we perform on the copy will change the state
of the original. We show how nonselective measurements
can be used to minimize this problem.
The paper is organized as follows. In Section II we
briefly describe the Wootters-Zurek copying procedure
and we analyze quantum-statistical properties of the
copied states. We introduce measures (Hilbert-Schmidt
norms) on Hilbert space which allow us to quantify how
“good” the copying procedure is. Section III is devoted
to a description of the universal quantum copying which
is input-state independent. That is we will describe a
copying transformation for which the Hilbert-Schmidt
norms under consideration are input-state independent.
In Section IV we will analyze a measurement procedure
by means of which one of the output states can be mea-
sured so the information about the second state can be
obtained under the condition that it is least perturbed
by the measurement procedure. In Section V we will
discuss some specific quantum-copying transformations
which produce very good copies in the neighborhood of
specific input states. We finish the paper with conclu-
sions.
II. WOOTTERS-ZUREK QUANTUM COPYING
MACHINE AND NON-CLONING THEOREM
In their paper [1] Wootters and Zurek analyzed the
copying process defined by the transformation relation
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on basis vectors |0〉a and |1〉a:
|0〉a|Q〉x −→ |0〉a|0〉b|Q0〉x; (2.1a)
|1〉a|Q〉x −→ |1〉a|1〉b|Q1〉x. (2.1b)
From the unitarity of the transformation process (2.1)
and the orthonormality of the basis states |0〉a and |1〉a it
follows that the copying-machine states |Q0〉x and |Q1〉x
are normalized to unity, provided that x〈Q|Q〉x = 1, i.e.
we can assume that
x〈Q|Q〉x = x〈Q0|Q0〉x = x〈Q1|Q1〉x = 1. (2.2)
The Wootters-Zurek (WZ) quantum copying machine
(QCM) is defined in such a way that the basis vectors
|0〉a and |1〉a are copied (≡ cloned) ideally, that is, for
these states the relation (1.1) is fulfilled. We note that
the Wootters-Zurek copying machine is input-state de-
pendent. Following Wootters and Zurek we check how
the pure superposition state |s〉a (the so-called SU(2)
coherent state [3]) defined as
|s〉a = α|0〉a + β|1〉a (2.3)
is copied by the copying machine described by the trans-
formation relation (2.1). For simplicity we will assume
in what follows that probability amplitudes α and β are
real and α2 + β2 = 1. Throughout the paper (except the
Section 5) we consider α and β to be real. Our results
do not depend on this assumption and can be easily ex-
tended for complex α and β. Using the transformation
relation (2.1) we obtain:
|s〉a|Q〉x −→ α|0〉a|0〉b|Q0〉x + β|1〉a|1〉1|Q1〉x ≡ |Ψ〉(out)abx .
(2.4)
If it is assumed that x〈Q0|Q1〉x = 0, i.e. the two copying-
machine states |Q0〉x and |Q1〉x are orthonormal, then
the reduced density operator ρˆ
(out)
ab describing the state of
the original-copy subsystem after the copying procedure
reads:
ρˆ
(out)
ab = Trx
[
ρˆ
(out)
abx
]
= α2|00〉〈00|+ β2|11〉〈11|, (2.5)
where ρˆ
(out)
abx ≡ |Ψ〉(out)abx (out)abx 〈Ψ| [see Eq.(2.4)] and the ba-
sis vectors associated with two two-level systems under
consideration are defined as
|00〉 ≡ |0〉a|0〉b; |11〉 ≡ |1〉a|1〉b;
|01〉 ≡ |0〉a|1〉b; |10〉 ≡ |1〉a|0〉b. (2.6a)
We also introduce two vectors |±〉
|+〉 = 1√
2
(|10〉+ |01〉); |−〉 = 1√
2
(|10〉 − |01〉).
(2.6b)
which together with |00〉 and |11〉 create an orthonormal
basis. Density operators describing quantum states of
the original mode and the copy mode after the copying
procedure read
ρˆ(out)a = Trb
[
ρˆ
(out)
ab
]
= α2|0〉a a〈0|+ β2|1〉a a〈1|, (2.7a)
ρˆ
(out)
b = Tra
[
ρˆ
(out)
ab
]
= α2|0〉b b〈0|+ β2|1〉b b〈1|, (2.7b)
respectively. From Eq.(2.7) it follows that both the orig-
inal and the copy mode at the output are in identical
states (this is a good news), but the original mode at the
output is in a mixture state (all off-diagonal elements are
destroyed).
In order to judge how good the copying machine is
we need a way of comparing its output to what, ideally,
its output should be. That is, we need a way of com-
paring density matrixes. We shall use the square of the
Hilbert-Schmidt norm of the difference between two den-
sity matrixes as a measure of how close they are to each
other. The Hilbert-Schmidt norm of an operator, Aˆ, is
given by
‖Aˆ‖2 = [Tr(Aˆ†Aˆ)]1/2, (2.8)
and it has the property that for operators Aˆ and Bˆ
|Tr(Aˆ†Bˆ)| ≤ ‖Aˆ‖2‖Bˆ‖2. (2.9)
Our distance between the density matrixes ρˆ1 and ρˆ2 is
then
D = (‖ρˆ1 − ρˆ2‖2)2 . (2.10)
Is this a reasonable measure? In a two-dimensional space
any observable, A, which is not a multiple of the identity,
is represented by an hermitian operator, Aˆ, which can be
expressed as
Aˆ = λ1Pˆ1 + λ2Pˆ2, (2.11)
where λ1 and λ2 are real and Pˆ1 and Pˆ2 are hermi-
tian, one-dimensional projections with the property that
Pˆ1Pˆ2 = 0. For a given density matrix, ρˆ, the probability
that A takes the value λi is given by
pi = Tr(ρˆPˆi). (2.12)
We would like our notion of closeness for density ma-
trixes to have the property that if two density matrixes
are close, then the probability distributions generated by
them for an arbitrary observable A are also close. That
is, if ρˆ1 and ρˆ2 are close, then the probability that A
takes the value λi in the state ρˆ1, p
(1)
i , should be close to
the probability that A takes the value λi in the state ρˆ2,
p
(2)
i . Using the property of the Hilbert-Schmidt norm
given in Eq. (2.9), we can, in fact, show that if the
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Hilbert-Schmidt norm of (ρˆ1− ρˆ2) is small, then p(1)i will
be close to p
(2)
i . We have∣∣∣p(1)i − p(2)i
∣∣∣ = ∣∣∣Tr[Pˆi(ρˆ1 − ρˆ2)]
∣∣∣
≤ ‖Pˆi‖2‖ρˆ1 − ρˆ2‖2 = ‖ρˆ1 − ρˆ2‖2, (2.13)
where we have used the fact that the Hilbert-Schmidt
norm of a one-dimensional projection is one. This shows
that our proposed definition of closeness based on the
Hilbert-Schmidt norm has the desired property and al-
lows us to maintain that, in a two-dimensional space, it
is a reasonable definition to use.
Other measures of the similarity of two density ma-
trixes have been used. Schumacher [4] has advocated the
use of fidelity which is defined as
F = Tr
(
ρˆ
1/2
1 ρˆ2ρˆ
1/2
1
)1/2
, (2.14)
which ranges between 0 and 1. A fidelity of one means
two density matrixes are equal. This is a more satis-
factory definition in general. The interpretation of the
Hilbert-Schmidt norm in terms of probability distribu-
tions breaks down in infinite dimensional spaces and be-
comes less good in finite dimensional spaces as the dimen-
sion increases. Hilbert-Schmidt norms are, on the other
hand, easier to calculate than fidelities. For our pur-
poses, in a two-dimensional space, the Hilbert-Schmidt
norm provides a very reasonable way to compare density
matrixes.
To see how “far” the copying machine drives the orig-
inal mode from its initial state we now evaluate the
Hilbert-Schmidt norm, i.e. the “distance” between the
in- and out-density operators of the original mode. The
Hilbert-Schmidt norm is defined as
Da ≡ Tr
[
ρˆ(id)a − ρˆ(out)a
]2
, (2.15)
where we denote the input density operator of the orig-
inal mode as ρˆ
(id)
a (here index id stands for the ideal).
This density operator of the state (2.3) reads
ρˆ(id)a = α
2|0〉a〈0|+ αβ|0〉a〈1|+ βα|1〉a〈0|+ β2|1〉a〈1|.
(2.16)
The Hilbert-Schmidt norm of the difference between the
density operators (2.7a) and (2.16) is
Da = 2α
2β2 = 2α2(1− α2), (2.17)
which clearly reflects the fact that the states |0〉a (i.e.
α = 1) and |1〉a (i.e. α = 0) are copied perfectly, that
is for these states Da = 0, while the pure superposition
states |s〉a = (|0〉a ± |1〉a)/
√
2 are copied worst. In this
case Da = 1/2. We remind ourselves that the maximum
possible value for the Hilbert-Schmidt norm of the differ-
ence of two density matrixes is equal to two (for instance,
this is the “distance” between two mutually orthogonal
states |0〉a and |1〉a). If we do not specify which pure su-
perposition state |s〉a is going to be copied (i.e. we do not
know a priori the value of α) then on average we should
expect the distance Da in the case of the Wootters-Zurek
copying machine to be
D¯a =
∫ 1
0
dα2Da(α
2) =
1
3
(2.18)
From Eq.(2.17) we see that the Wootters-Zurek quan-
tum copying procedure is state-dependent, that is for
some states it operates well (even perfectly) while for
some states it operates badly. Moreover, as it follows
from Eq.(2.5) the output modes are , in general, highly
entangled, which is not what we would expect from a
perfect copying machine for which the output density op-
erator ρˆ
(id)
ab should be expressed as
ρˆ
(id)
ab = ρˆ
(id)
a ⊗ ρˆ(id)b , (2.19a)
where the density operators of the ideal original and the
copy at the output are described by Eq.(2.16). The den-
sity operator ρˆ
(id)
ab in the basis (2.6) reads
ρˆ
(id)
ab = α
4|00〉〈00|+
√
2α3β|00〉〈+|+ α2β2|00〉〈11|
+
√
2α3β|+〉〈00|+ 2α2β2|+〉〈+|+
√
2αβ3|+〉〈11|
+α2β2|11〉〈00|+
√
2αβ3|11〉〈+|+ β4|11〉〈11|. (2.19b)
To measure the degree of entanglement we can either use
the entropic parameter Sab as proposed by Barnett and
Phoenix [5], or we can use the Hilbert-Schmidt normDab
measuring the “distance” between the actual two-mode
density operator ρˆ
(out)
ab and a direct product of density
operators ρˆ
(out)
a and ρˆ
(out)
b , i.e.
D
(1)
ab = Tr
[
ρˆ
(out)
ab − ρˆ(out)a ⊗ ρˆ(out)b
]2
. (2.20)
Using the explicit expressions for the density operators
which appear in Eq.(2.20) we find the Hilbert-Schmidt
norm to be
D
(1)
ab = DaDb, (2.21)
where the single-mode norms Da (Db) are given by
Eq.(2.17). Analogously we can evaluate the Hilbert-
Schmidt norm for the density operators ρˆ
(out)
ab and ρˆ
(id)
ab
[see Eqs.(2.5) and (2.19), respectively]. In this case we
find
D
(2)
ab = Tr
[
ρˆ
(out)
ab − ρˆ(id)ab
]2
= Da +Db. (2.22)
Note that this result and Eq. (2.21) imply that the out-
put state is most entangled when the performance of the
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copying machine is worst. To complete the picture we
evaluate the distance D
(3)
ab between the ideal output de-
scribed by the density operator ρˆ
(id)
ab and the direct prod-
uct of the single-mode density operators
D
(3)
ab = Tr
[
ρˆ
(id)
ab − ρˆ(out)a ⊗ ρˆ(out)b
]2
= Da +Db −D(1)ab .
(2.23)
From the above equations we clearly see that the out-
put modes are firstly, entangled (except the cases when
α2 = 0 or α2 = 1). Secondly, the degree of entanglement
quantified via the norm D
(1)
ab is initial-state dependent
(i.e. it depends on the parameter α2). Thirdly, there is
the following relationship between the norms D
(i)
ab
D
(1)
ab ≤ D(3)ab ≤ D(2)ab . (2.24)
For further reference we note that the input-state av-
eraged value [see equations Eq.(2.18) and (2.22)] of the
norm D¯
(2)
ab is equal to 2/3, while the input-averaged val-
ues of D¯
(1)
ab and D¯
(3)
ab are 2/15 and 8/15, respectively.
We finish the present section on the Wootters-Zurek
quantum copying procedure with several comments.
(1) If we assume the original (a) mode to be initially in
the mixture state
ρˆ(in)a = α
2|0〉a a〈0|+ β2|1〉a a〈1|, (2.25)
then the output density operator describing the modes a
and b after the copying is given by the same relation (2.5)
as in the case of the pure input state. This means that
if the input a mode is described by the density operator
(2.25), then the input and the output density operators
in the mode a are equal, i.e. Da = 0. Nevertheless, the
distanceD
(1)
ab reflecting a degree of entanglement between
the output modes has the value equal to 4α4β4, i.e. is the
same as for the pure input state (2.3). This simply re-
flects the fact, that the Wootters-Zurek quantum copying
machine produces a strong entanglement between output
modes even in the case when “classical” states (mixtures)
are copied.
(2) It is interesting to note that the Wootters-Zurek
QCM preserves the initial mean value of the operator
σˆz = (|1〉〈1| − |0〉〈0|)/2 while it completely destroys any
information about the initial mean value of the operator
σˆx = (|1〉〈0|+ |0〉〈1|)/2, that is
〈σˆz〉(in)a = 〈σˆz〉(out)a = −
1
2
cos 2φ, (2.26a)
where we have used the parameterization α = cosφ and
β = sinφ. On the other hand
〈σˆx〉(in)a =
1
2
sin 2φ, (2.26b)
while 〈σˆx〉(out)a = 0 irrespective of the initial state of the
original mode a. This means that whatever the value of
the initial variance 〈(∆σˆx)2〉(in)a its output value is equal
to 1/4. These observations suggest that the Wootters-
Zurek QCM is “designed” in such a way that the mean
value of the operator (σˆz) is preserved by the copying
procedure, while information associated with other mean
values is totally destroyed. This in turn suggests that one
can think about designing a copying machine associated
with certain observation levels [6].
(3) Finally we briefly note that the von Neumann en-
tropy [7] can also be utilized to describe the “quality”
of the original and copy modes. The von Neumann en-
tropy of a quantum-mechanical system described by the
density operator ρˆ is defined as
S = −kBTr [ρˆ ln ρˆ] . (2.27)
Due to the Araki-Lieb theorem [8] and the fact that we
consider a conservative system for which the entropy of
the complete system is constant, and is equal to zero pro-
viding both modes a and b are initially in pure states, the
entropy of the QCM (Sx) after the copying is equal to the
entropy (Sab) of the original-copy subsystem described by
the density operator ρˆ
(out)
ab . Besides this general property
we find that
Sab = Sa = Sb = −kB
[
α2 lnα2 + β2 lnβ2
]
, (2.28)
irrespective of whether the original mode has been ini-
tially prepared in the pure state (2.3) or a correspond-
ing statistical mixture described by the density operator
(2.25). If the output state were a product of states in
the a and b modes we would have Sab = Sa + Sb. The
fact that the entropy is smaller than this shows that the
modes are correlated, i. e. entangled.
III. INPUT-STATE-INDEPENDENT QUANTUM
COPYING MACHINE
The Wootters-Zurek QCM suffers one significant dis-
advantage - its operation depends on the state of the
original input. That is, the states |0〉 and |1〉 are copied
perfectly, but the superposition states (|0〉 ± |1〉)/√2 are
essentially destroyed by this particular copying machine
in the sense that information about quantum coherences
(off-diagonal elements of the density operator in a con-
sidered basis) is eliminated.
In what follows we describe a copying process which
is input-state independent. When using this “universal”
quantum copying machine (UQCM) superposition states
(2.3) are copied equally well for any value of α in a sense
that the distances Da = Tr[ρˆ
(out)
a − ρˆ(id)a ]2 and Dab =
Tr[ρˆ
(out)
ab − ρˆ(id)ab ]2 do not depend on the parameter α. In
addition to this we design the UQCM in such way that
both Da and Dab take minimal values.
The most general quantum-copying transformation
rules for pure states on a two-dimensional space can be
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written as
|0〉a|Q〉x −→
1∑
k,l=0
|k〉a|l〉b|Qkl〉x; (3.1a)
|1〉a|Q〉x −→
1∑
m,n=0
|m〉a|n〉b|Qmn〉x, (3.1b)
where the states |Qmn〉x are not necessarily orthonormal
for all possible values of m and n. The general copying
transformation is very complex and it involves many free
parameters x〈Qkl|Qmn〉x which characterize the copying
machine. In what follows we will concentrate our at-
tention on one particular copying-transformation which
fulfills our demands as described above. We propose the
following transformation
|0〉a|Q〉x −→ |0〉a|0〉b|Q0〉x + [|0〉a|1〉b + |1〉a|0〉b] |Y0〉x;
(3.2a)
|1〉a|Q〉x −→ |1〉a|1〉b|Q1〉x + [|0〉a|1〉b + |1〉a|0〉b] |Y1〉x,
(3.2b)
which is an obvious generalization of the WZ QCM. Due
to the unitarity of the transformation (3.2) the following
relations hold
x〈Qi|Qi〉x + 2 x〈Yi|Yi〉x = 1; i = 0, 1 (3.3a)
x〈Y0|Y1〉x = x〈Y1|Y0〉x = 0. (3.3b)
There are still many free parameters to specify, therefore
we will further assume that the copying-machine state
vectors |Yi〉x and |Qi〉x are mutually orthogonal:
x〈Qi|Yi〉x = 0; i = 0, 1, (3.4a)
and that
x〈Q0|Q1〉x = 0. (3.4b)
With these assumptions in mind we find the density op-
erator ρˆ
(out)
ab describing the modes a and b after copying
of the pure superposition state (2.3) as:
ρˆ
(out)
ab = α
2|00〉〈00| x〈Q0|Q0〉x +
√
2αβ|00〉〈+| x〈Y1|Q0〉x
+
√
2αβ|+〉〈00| x〈Q0|Y1〉x +
[
2α2 x〈Y0|Y0〉x
+ 2β2 x〈Y1|Y1〉x
] |+〉〈+|+√2αβ|+〉〈11| x〈Q1|Y0〉x (3.5)
+
√
2αβ|11〉〈+| x〈Y0|Q1〉x + β2|11〉〈11| x〈Q1|Q1〉x.
The density operator describing the a mode can be ob-
tained from Eq.(3.5) by tracing over the mode b and it
reads
ρˆ(out)a = |0〉a a〈0|
[
α2 +
(
β2 x〈Y1|Y1〉x − α2x〈Y0|Y0〉x
)]
+|0〉a a〈1|αβ [x〈Q1|Y0〉x + x〈Y1|Q0〉x]
+|1〉a a〈0|αβ [ x〈Q0|Y1〉x + x〈Y0|Q1〉x] (3.6)
+|1〉a a〈1|
[
β2 +
(
α2 x〈Y0|Y0〉x − β2 x〈Y1|Y1〉x
)]
.
The density operator ρˆ
(out)
b looks exactly the same. This
means that the states of the two modes a and b at the
output of the copying machine under consideration are
equal to each other, but they are not equal to the density
operator of the in-state of the original mode [compare
Eqs.(3.6) and (2.16)]. This means that the original state
is distorted by the copying. To quantify the degree of this
distortion we evaluate the Hilbert-Schmidt norm (2.10)
for the density operators (3.6) and (2.16):
Da = 2ξ
2(4α4 − 4α2 + 1) + 2α2(1− α2)(η − 1)2, (3.7),
where we have introduced the notation
x〈Y0|Y0〉x = x〈Y1|Y1〉x ≡ ξ; (3.8a)
x〈Y0|Q1〉x = x〈Q0|Y1〉x = x〈Q1|Y0〉x = x〈Y1|Q0〉x ≡ η/2,
(3.8b)
with 0 ≤ ξ ≤ 1/2 and 0 ≤ η ≤ 2ξ1/2(1 − 2ξ)1/2 ≤
1/
√
2, which follows from the Schwarz inequality. The
relation (3.8) further specifies “properties” of the copying
machine under consideration. So essentially we end up
with two “free” parameters which we will specify further.
As we said in the introduction, we are looking for a
copying machine such that all input original state are
copied equally well, that is we want the norm (3.7) to
be independent of the parameter α2. This means that
one of the parameters ξ or η can be determined from the
condition
∂
∂α2
Da = 0, (3.9)
where the norm Da is given by Eq.(3.7). From Eq.(3.9)
we find that if the parameters ξ and η are related as
η = 1− 2ξ, (3.10a)
then the norm Da is input-state independent and it takes
the value
Da = 2ξ
2. (3.10b)
Taking into account the relations (3.10) and (3.3a) we
can rewrite now the density operators ρˆ
(out)
ab and ρˆ
(out)
a
[see Eqs.(3.5) and (3.6), respectively] as
ρˆ
(out)
ab = α
2(1− 2ξ)|00〉〈00|+ αβ√
2
(1− 2ξ)|00〉〈+|
+
αβ√
2
(1− 2ξ)|+〉〈00|+ 2ξ|+〉〈+|+ αβ√
2
(1− 2ξ)|+〉〈11|
6
+
αβ√
2
(1− 2ξ)|11〉〈+|+ β2(1 − 2ξ)|11〉〈11| (3.11)
and
ρˆ(out)a = |0〉a a〈0|
[
α2 + ξ
(
β2 − α2)]+ |0〉a a〈1|αβ(1− 2ξ)
+|1〉a a〈0|αβ(1 − 2ξ) + |1〉a a〈1|
[
β2 + ξ
(
α2 − β2)] .
(3.12)
We determine the optimum value of the parameter ξ from
the assumption that the distance (norm) between the
two-mode density operators ρˆ
(out)
ab and ρˆ
(id)
ab = ρˆ
(id)
a ⊗ρˆ(id)b
is input-state independent. That is, we solve the equation
∂
∂α2
D
(2)
ab = 0, (3.13)
where D
(2)
ab = Tr[ρˆ
(out)
ab − ρˆ(id)ab ]2 and the density operator
ρˆ
(id)
ab is given by Eq.(2.19b). The norm D
(2)
ab in this case
can be expressed as
D
(2)
ab = (U11)
2+2(U12)
2+2(U13)
2+(U22)
2+2(U23)
2+(U33)
2,
(3.14a)
with the elements Uij given by the relations
U11 = α
4−α2(1− 2ξ); U12 =
√
2αβ[α2 − 1
2
(1− 2ξ)];
U13 = α
2β2; U22 = 2α
2β2 − 2ξ; (3.14b)
U23 =
√
2αβ[β2 − 1
2
(1− 2ξ)]; U33 = β4 − β2(1− 2ξ).
Now the equation (3.13) can be solved with respect to
the parameter ξ, for which we find ξ = 1/6. For this
value of ξ the norm D
(2)
ab is α
2-independent and its value
is equal to 2/9.
A. Some properties of the UQCM
(1) Firstly we point out that the density operator ρˆ
(id)
a
is diagonal in the basis
|Φ1〉a = α|0〉a+β|1〉a; |Φ2〉a = β|0〉a−α|1〉a. (3.15)
In this basis we have ρˆ
(id)
a = |Φ1〉a a〈Φ1|. In this same
basis the density operator ρˆ
(out)
a reads
ρˆ(out)a =
5
6
|Φ1〉a a〈Φ1|+ 1
6
|Φ2〉a a〈Φ2|, (3.16)
from which it directly follows that the vonNeumann en-
tropy of the mode a at the output of the copying machine
is
Sa = −kB
[
5
6
ln
(
5
6
)
+
1
6
ln
(
1
6
)]
. (3.17a).
Analogously we can evaluate the vonNeumann entropy
of the ab subsystem (or, which is the same, the entropy
of the QCM after the copying process) to be
Sab = Sx = −kB
[
1
3
ln
(
1
3
)
+
2
3
ln
(
2
3
)]
. (3.17b).
We see that both the vonNeumann entropy of each out-
put mode a and b separately, as well as the entropy of the
two-mode subsystem ab do not depend on the input pure
state of the original mode a. Moreover, from the fact
that the entropies under consideration fulfill the relation
Sab < Sa + Sb (3.18)
it follows that there does not exist a basis in which the
density ρˆ
(out)
ab can be represented in a factorized form
ρˆ
(out)
a ⊗ ρˆ(out)b . As we will see later this entanglement
between the two output modes significantly affects the
measurement procedure of the two modes after the copy-
ing. To be more specific, any measurement performed on
mode b affects the state of the mode a.
(2) Once we have found the basis in which both den-
sity operators ρˆ
(id)
a and ρˆ
(out)
a are diagonal we can easily
find the value of the fidelity parameter Fa as introduced
by Schumacher[4]. The fidelity parameter which we are
interested in is given by Eq.(2.14) with ρˆ1 = ρˆ
(id)
a and
ρˆ2 = ρˆ
(out)
a . In our case the fidelity is equal to a constant
value
√
5/6 for all input states states. We can conclude
that the UQCM has that universal property to be the in-
put state independent, that is all pure states are copied
equally well.
(3) It is natural to ask how the copying machine under
consideration will copy an input state described by the
statistical mixture
ρˆ(id)a = A|0〉a a〈0|+B|0〉a a〈1|+B|1〉a a〈0|+(1−A)|1〉a a〈1|,
(3.19)
where we assume for simplicity that B is real. We note
that from the condition Tr(ρˆ
(id)
a )2 ≤ 1 it follows that
(1 − 2A)2 + 4B2 ≤ 1. (3.20)
We find the Hilbert-Schmidt norm Da of the difference
between the input state (3.19) and the corresponding out-
put to be
Da = 2ξ
2(1− 2A)2 + 2B2(1− η)2. (3.21a)
If we assume that η = 1−2ξ, then the norm (3.21a) reads
Da = 2ξ
2
[
(1− 2A)2 + 4B2] ≤ 2ξ2, (3.21b)
which means that the UQCM discussed here copies mix-
ture states better than pure superposition states with the
same diagonal density matrix elements.
If we assume ξ = 0 [in this case the UQCM is identical
to the WZQCM] then the statistical mixtures (3.19) such
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that B = 0 are copied perfectly in the sense that the dis-
tance Da given by Eq.(3.21b) is equal to zero. Neverthe-
less one has to be aware of the fact that the two output
modes are still strongly entangled which is reflected in
the fact that the norm D
(2)
ab has a value:
D
(2)
ab = Tr
[
ρˆ
(out)
ab − ρˆ(id)ab
]2
= 4A2(1−A)2. (3.22)
(4) We can compare the performance of the Wootters-
Zurek QCM and the UQCM as discussed above if we
compare the averaged values of the norms Da and Dab
for the WZ QCM, which read respectively
D¯a = 1/3; D¯ab = 2/3
with the input-state independent values of these parame-
ters for the UQCM. We see that in the case of the UQCM
the norm Da is 6 times smaller (on average) while Dab
is 3 times smaller compared to D¯ and D¯ab, respectively.
These relations simply reflect the “high-quality” perfor-
mance of the UQCM. It is still an open question whether
the UQCM is the best (on average) QCM quantum me-
chanics would allow.
(5) The UQCM has that interesting property that the
mean values of the operators σˆx and σˆz are scaled by
copying. It can be found that irrespective of whether the
input mode is in a pure state or a statistical mixture the
following relations hold
〈σˆj〉(out) = (1− 2ξ)〈σˆj〉(in); j = x, z, (3.23)
where the relation η = 1−2ξ has been taken into account.
Obviously, for ξ = 1/6 both 〈σˆz〉(out) and 〈σˆx〉(out) are
scaled by the factor 2/3. This is in contrast to the WZ
QCM, when the mean value of the operator σˆz is pre-
served in the copying process, while 〈σˆx〉(out) = 0 irre-
spective of the input state. We note that the relations
between the input and output mean values can be taken
as definitions of particular copying machines. To be spe-
cific, one can associate the copying process with a given
observation level, i.e. a set of observables, and impose
particular conditions on input and output values of the
observables associated with the given observation level.
The relations between the input and output mean val-
ues then can be solved with respect to those parameters
which specify the copying machine itself, i.e. the values
x〈Qkl|Qmn〉x.
(6) The four state vectors |Q0〉x, |Q1〉x, |Y0〉x, and
|Y1〉x in terms of which the QCM transformation (3.2)
is defined are not orthonormal. Using the Gram-
Schmidt procedure one can defined a set of four orthonor-
mal quantum-copying-machine basis states |Q¯0〉x, |Q¯1〉x,
|Y¯0〉x, and |Y¯1〉x. If we assume the relations (3.3), (3.4)
and (3.8) defining the QCM under consideration and the
relation η = 1− 2ξ, the orthonormal states read:
|Q¯0〉x = |Q0〉x√
1− 2ξ ; |Q¯1〉x =
|Q1〉x√
1− 2ξ ;
|Y¯0〉x = 2|Y0〉x − |Q1〉x√
6ξ − 1 ; |Y¯1〉x =
2|Y1〉x − |Q0〉x√
6ξ − 1 ,
(3.24)
from which it follows that one has to treat carefully the
case of ξ = 1/6, i.e. when the norm Dab is the input-
state independent. To be more specific, under the condi-
tions given by Eqs.(3.3), (3.4) and (3.8) imposed on the
copying-machine vectors |Qi〉x and |Yi〉x (i = 0, 1) with
η = 2/3 and ξ = 1/6 we find the following relations
x〈Qi|Qi〉x = 2/3; x〈Yi|Yi〉x = 1/6; i = 0, 1
x〈Y1|Y0〉x = x〈Q1|Q0〉x = 0; (3.25)
x〈Y0|Q1〉x = x〈Y1|Q0〉x = 1/3,
which means that the four copying-machine vectors are
not linearly independent. They in fact lie in a 2-
dimensional sub-space of the original 4-dimensional space
of the copying machine. In this 2-dimensional sub-space
the copying-machine vectors have the following compo-
nents:
|Y0〉x = (1/
√
6, 0); |Y1〉x = (0, 1/
√
6);
|Q0〉x = (0,
√
2/3); |Q1〉x = (
√
2/3, 0). (3.26)
We see that the vectors |Yi〉x can be expressed in terms
of the vectors |Qi〉x:
|Y0〉x = 1
2
|Q1〉x |Y1〉x = 1
2
|Q0〉x. (3.27)
If we introduce two orthonormal basis states | ↑〉 and | ↓〉
in the two-dimensional state space, then we can express
the copying-machine states |Q0〉x in this basis as
|Q0〉x =
√
2
3
| ↑〉; |Q1〉x =
√
2
3
| ↓〉. (3.28)
Consequently, the UQCM transformation (3.2) now reads
|0〉a|Q〉x −→
√
2
3
|00〉| ↑〉+
√
1
3
|+〉| ↓〉; (3.29a)
|1〉a|Q〉x −→
√
2
3
|11〉| ↓〉+
√
1
3
|+〉| ↑〉, (3.29b)
where the initial copying-machine state |Q〉x can be ex-
pressed as a linear superposition of the two basis states
| ↑〉 and | ↓〉.
IV. MEASUREMENT OF THE ORIGINAL AND
THE COPY STATE AT THE OUTPUT OF QCM
From our previous discussion it follows that the origi-
nal and the copy states (described by density operators
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ρˆ
(out)
a and ρˆ
(out)
b , respectively) are highly entangled (see
discussion in Section III). This means that any measure-
ment performed on the mode b will significantly affect
the state of the mode a. This could defeat the purpose
of a quantum copying machine because by measuring the
copy we distort the original. Ideally we would like to have
the copy and original independent so that if one is mea-
sured the other is undisturbed and available for future
processing. We need to determine how close the copying
machine of the previous section comes to this ideal.
What we shall do is to consider the effect of an uncon-
ditioned measurement of the b mode on the state of the
a mode. Define the b mode vector
|s〉b = u|0〉b + v|1〉b; |u|2 + |v|2 = 1, (4.1)
and the corresponding projection operator Pˆ|s〉b =
|s〉b b〈s|. We start with an ensemble of copies and orig-
inals which has been produced by the copying machine
and is described by the density matrix ρˆ
(out)
ab . We now
measure Pˆ|s〉b for each element of the ensemble and, irre-
spective of the result, keep the resulting two-mode state.
This results in the new ensemble
ρˆ
(meas)
ab = Pˆ|s〉b ρˆ
(out)
ab Pˆ|s〉b + Qˆ|s〉b ρˆ
(out)
ab Qˆ|s〉b , (4.2)
where Qˆ|s〉b = Iˆb− Pˆ|s〉b and Iˆb is the b mode identity op-
erator. From this we obtain the a mode reduced density
matrix
ρˆ(meas)a = Trb(ρˆ
(meas)
ab ). (4.3)
The measurement of Pˆ|s〉b can yield either 0 or 1. The
probability of obtaining 1 is given by
Tr(Pˆ|s〉b ρˆ
(out)
ab Pˆ|s〉b) =
1
6
+
2
3
|αu∗ + βv∗|2. (4.4)
It is clear from this equation that measurement of this
probability will give us information about α and β. Thus
by measuring the b mode we do gain information about
the quantum state of the input mode of the copying ma-
chine.
Now let us see what the effect of the b-mode measure-
ment is on the a mode. We note that
ρˆ(out)a = Trb
[
(Pˆ|s〉b + Qˆ|s〉b)ρˆ
(out)
ab (Pˆ|s〉b + Qˆ|s〉b)
]
= ρˆ(meas)a
(4.5)
so that the a-mode density matrix after the unconditional
measurement is the same as that before it. This result
does not depend on u and v so we can choose to measure
any projection in the b mode.
Even though ρˆ
(out)
a and ρˆ
(id)
a are close (Da = 1/18)
they are not the same. However, because of the form of
ρˆ
(out)
a it is possible to recover the expectation value of
any operator in the state ρˆ
(id)
a from it. In order to show
this we express ρˆ
(out)
a as
ρˆ(out)a =
2
3
ρˆ(id)a +
1
6
Iˆa. (4.6)
This implies that the density matrixes differ in a way
that does not depend on α and β. Therefore, if Aˆa is an
a-mode operator, then
Tr(Aˆaρˆ
(id)
a ) =
3
2
[
Tr(Aˆaρˆ
(out)
a )−
1
6
Tr(Aˆa)
]
, (4.7)
where Tr(Aˆa) does not depend on α and β and is, there-
fore, known.
In summary the output from the UQCM has the fol-
lowing property. If any projection is measured in the b
mode the unconditioned a-mode ensemble which results
is close to the ideal output state, i. e. the input state,
and can be used to find the expectation value of any a-
mode operator in the ideal output state. In addition, the
b-mode measurement provides us with information about
the input state.
V. COPYING STATES IN THE
NEIGHBORHOOD OF GIVEN STATE
Suppose that we want to build a copying machine
which will copy to a high degree of fidelity, states in the
neighborhood of a given quantum state. In order to get
an idea of how to construct such a machine let us look at
what would happen if the machine made perfect copies.
We shall consider the input state given by Eq.(2.3) where
β is close to one and α is small in magnitude (in this sec-
tion we consider α and β to be complex numbers because
this does matter to the results). If this state were copied
perfectly we would have ρˆ
(id)
ab given by Eq.(2.19b). Under
the stated conditions on β and α we have roughly that
α|0〉a + β|1〉a −→ β2|11〉+ α(|10〉+ |01〉). (5.1)
This suggests that the copying machine specified by
|1〉a|Q〉x −→ |1〉a|1〉b|Q1〉x
|0〉a|Q〉x −→ 1√2 (|1〉a|0〉b + |0〉a|1〉b)|Q1〉x,
(5.2)
where |Q〉x and |Q1〉x are the initial and final states of
the copying machine, respectively, would produce some-
thing like the desired action. Note that this machine is
very different from the Wootters-Zurek machine in that
while one basis vector is duplicated exactly, the other is
completely changed. In fact, the state |0〉a is sent into a
state which has no overlap at all with the perfectly cloned
state |0〉a|0〉b.
We shall examine the action of this copying machine,
but it is worthwhile to note at the beginning that there
is a major problem with it. The factor of 1/
√
2, which is
required by unitarity, means that we do not obtain the
action indicated in Eq.(5.1). What we have is that
(α|0〉a + β|1〉a) |Q〉x −→ [β|11〉+ α|+〉] |Q1〉x
≡ |Ψ1〉(out)ab |Q1〉x. (5.3)
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We can determine how good job this copying machine
does by looking at the difference between what it does
and what it is supposed to do, i.e. we evaluate the
Hilbert-Schmidt norm between the states described by
the density operators ρˆ
(id)
ab [see Eq.(2.12b)] and ρˆ
(out)
ab [see
Eq.(5.3)]. For the Hilbert-Schmidt norm D
(2)
ab given by
Eq.(2.15) we find the explicit expression
D
(2)
ab = 2− (β + β∗)(|β|2 + |α|2
√
2). (5.4)
This can be simplified by expressing β as 1−δβ and using
the normalization condition |β|2 + |α|2 = 1 to find the
condition
δβ + δβ∗ = |α|2 + |δβ|2. (5.5)
We then have that
D
(2)
ab = (3− 2
√
2)|α|2 + |δβ|2, (5.6)
where terms of order |α|4 and |δβ|2|α|2 have been
dropped. Finally, we need to determine the size of |δβ|2.
Setting δβ = reiθ and substituting this into Eq.(5.5) we
find that
2r cos θ − r2 = |α|2. (5.7)
This implies that unless θ is very close to pi/2, then r will
be of order |α|2. If δθ = θ − pi/2 is of order |α| or less,
then r is of order |α|. In either case, the right-hand side
of Eq.(5.6) will be of order |α|2.
It is possible to do better than this in a certain sense.
Consider the copying machine specified by
|1〉a|Q〉x −→ 1√2 (|11〉|Q1〉x + |00〉|Q0〉x)
|0〉a|Q〉x −→ 1√2 (|10〉+ |01〉) |Q1〉x,
(5.8)
where x〈Q0|Q0〉x = x〈Q1|Q1〉x = 1 and x〈Q0|Q1〉x = 0.
With this copying machine we find that a superposition
state goes into
α|0〉a + β|1〉a −→ 1√
2
[β|11〉+ α(|10〉+ |01〉)] |Q1〉x
+
β√
2
|00〉|Q0〉x. (5.9)
We define the vector in the first term on the right-hand
side of Eq.(5.9) to be
|Ψ2〉(out)ab = β|11〉+ α(|10〉+ |01〉). (5.10)
This vector is much closer to the vector on the right-
hand side of Eq.(5.1) than is |Ψ1〉(out)ab given by Eq.(5.3).
In fact, we find that the Hilbert-Schmidt norm between
the density operator associated state vector (5.10) and
the ideally copied state given by the density operator
(2.19b) is
D
(2)
ab = |δβ|2 + 2|α|2|δβ|2. (5.11)
As long as θ is not too close to pi/2, the right-had side
of this equation will be of order |α|4. This is a consider-
able improvement over what the Wootters-Zurek copying
machine can do. There is, however, in this case, the prob-
lem of the term proportional to |00〉 in Eq.(5.9). What
we can do with the output of this copying machine is to
use it to calculate the expectation values of any operator
which annihilates this state. That is, if Sˆ is an operator
which has the property that Sˆ|00〉 = 0, then we can get
a very good estimate of the expectation value of Sˆ in the
state (2.19b) by calculating the expectation of Sˆ in the
state on the right-hand side of Eq.(5.9) and multiplying
the result by 2. In this sense the copying machine speci-
fied by Eq.(5.8) does a good job of copying states in the
neighborhood of |1〉.
Another possibility is to use a selective measurement
to obtain the desired state from that in Eq. (5.9). If
we measure the operator Pˆ00 = |00〉〈00| and obtain the
value 0 the resulting two-mode density matrix is
ρˆ
(sel)
ab =
1
1 + |α|2 |Ψ2〉
(out)
ab
(out)
ab 〈Ψ2|. (5.12)
This produces the desired result because D
(2)
ab is again of
the order of |α|4 as long as θ is not too close to pi/2. A
nonselective measurement of any one-dimensional projec-
tion in the b mode now gives us information about α and
β and leaves us with the reduced a-mode density matrix
ρˆ(sel)a =
1
1 + |α|2 (ρˆ
(id)
a + |α|2|1〉〈1|), (5.13)
which, for |α|2 << 1, is close to ρˆ(id)a . Therefore, the
transformation is Eq. (5.8) followed by a selective mea-
surement gives us a good approximation to cloning for
a limited range os states. The copy can be measured,
providing information about the initial state, and the
resulting a-mode density matrix is close to that of the
input.
VI. CONCLUSIONS
The Wootters-Zurek no-cloning theorem forbids the
copying of an arbitrary quantum state. If one does not
demand that the copy be perfect, however, possibilities
emerge. We have examined a number of these. A quan-
tum copying machine closely related to the one used by
Wootters and Zurek in the proof of their no-cloning theo-
rem copies some states perfectly and others poorly. That
is, the quality of its output depends on the input. A sec-
ond type of machine, which we called a universal quan-
tum copying machine, has the property that the quality
of its output is independent of its input. Finally, we ex-
amined a machine which combines a unitary transforma-
tion and a selective measurement to produce good copies
of states in the neighborhood of a particular state.
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A problem with all of these machines is that the copy
and original which appear at the output are entangled.
This means that a measurement of one affects the other.
We found, however, that a nonselective measurement of
the one of the output modes will provide information
about the input state and not disturb the reduced density
matrix of the other mode. Therefore, the output of these
xerox machines is useful.
There is further work to be done; we have only ex-
plored some of the possibilities. It would be interesting
to know, for example, what the best input-state indepen-
dent quantum copying machine is. One can also consider
machines which make multiple copies. Does the quality
of the copies decrease as their number increases? These
questions remain for the future.
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